he control of nonlinear systems is difficult because no systematic mathematical tools exist to help find necessary and sufficient conditions to guarantee their stability and performance. The problem becomes yet more complex if some of the plant parameters are unknown. By using a Takagi-Sugeno-Kang (TSK) fuzzy plant model [1]-[4], a nonlinear system can be expressed as a weighted sum of some simple subsystems. This model provides a fixed structure to some nonlinear systems and facilitates the analysis of the systems. There are two ways to obtain the fuzzy plant model: 1) by performing system identification methods based on the input-output data of the plant [1]- [4] or 2) directly from the mathematical model of the nonlinear plant [5] . [18] was also proposed to control the plant represented by the fuzzy plant model. Most of the fuzzy controllers proposed are functions of the grades of membership of the fuzzy plant model. Hence, the membership functions of this model must be known. In other words, the parameters of the nonlinear plant must be known or be constant when the identification method is used to derive the fuzzy plant model. Practically, the parameters of many nonlinear plants will change during their operation (e.g., the load of a dc-dc converter or the number of passengers on board a train). In these cases, the robustness property of the fuzzy controller is an important concern.
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he control of nonlinear systems is difficult because no systematic mathematical tools exist to help find necessary and sufficient conditions to guarantee their stability and performance. The problem becomes yet more complex if some of the plant parameters are unknown. By using a Takagi-Sugeno-Kang (TSK) fuzzy plant model [1] - [4] , a nonlinear system can be expressed as a weighted sum of some simple subsystems. This model provides a fixed structure to some nonlinear systems and facilitates the analysis of the systems. There are two ways to obtain the fuzzy plant model: 1) by performing system identification methods based on the input-output data of the plant [1] - [4] or 2) directly from the mathematical model of the nonlinear plant [5] .
The stability of fuzzy systems formed by a fuzzy plant model and a fuzzy controller has been investigated recently. Various stability conditions have been obtained by employing Lyapunov stability theory [3] , [6] , [11] , passivity theory [12] , and other methods [5] , [13] - [17] . A linear controller [18] was also proposed to control the plant represented by the fuzzy plant model. Most of the fuzzy controllers proposed are functions of the grades of membership of the fuzzy plant model. Hence, the membership functions of this model must be known. In other words, the parameters of the nonlinear plant must be known or be constant when the identification method is used to derive the fuzzy plant model. Practically, the parameters of many nonlinear plants will change during their operation (e.g., the load of a dc-dc converter or the number of passengers on board a train). In these cases, the robustness property of the fuzzy controller is an important concern.
This article proposes a linear controller to tackle nonlinear plants represented by a fuzzy plant model whose membership functions depend on some unknown parameters of the nonlinear plant. The unknown parameters are within known bounds. The stability of the closed-loop system will be analyzed based on the Lyapunov stability theory. We will show that the stability condition derived will be the same as that of the relaxed stability condition in [7] , in which the fuzzy controller depends on membership functions of the fuzzy plant model. However, the structure of the proposed linear controller is much simpler than that of the nonlinear fuzzy controller. The derived stability condition will be formulated into a linear matrix inequality (LMI) problem [19] . By solving the LMIs, the parameters of the linear controller can be obtained. The LMIs can be solved readily by using software tools such as MATLAB.
Fuzzy Plant Model with Unknown Parameters and Linear Controller
An uncertain multivariable nonlinear system is to be controlled. In this article, we consider multivariable nonlinear systems of the following form:
where
are the system matrix and input matrix, respectively, both of which have known structure but are subject to unknown parameters, x( ) t n ∈ ℜ × 1 is the system state vector, and u( ) t m ∈ ℜ × 1 is the input vector. The system of (1) is represented by a fuzzy plant model that expresses the multivariable nonlinear system as a weighted sum of linear systems. A linear controller will be designed to close the feedback loop. A block diagram of a closed-loop control system is shown in Fig. 1 .
Fuzzy Plant Model
Let p be the number of fuzzy rules describing the multivariable nonlinear plant of (1); the ith rule is of the following format: Rule i:
where M α i is a fuzzy term of rule i corresponding to the func- are known system and input matrices, respectively, of the ith subsystem. The system dynamics are described by 
LECTURE NOTES
(5) is a nonlinear function of the system states and the unknown parameters. Fuzzy modeling is discussed in [1] - [4] .
Linear Controller
A linear controller in the following form is employed to control the nonlinear plant of (1):
The values of m j , j p = 1 2 , ,..., , will be determined later. G ∈ ℜ × m n is a feedback gain matrix, R ∈ ℜ × m m and P ∈ ℜ × n n are symmetric positive definite matrices to be designed (the requirement that R and P be symmetric will automatically be fulfilled by the LMIs to be discussed in the next section), and ( ) ⋅ T denotes the transpose of a matrix or a vector. If all
, ,..., , are zero, the nonlinear system of (1) is open-loop stable. This can be seen in later sections.
System Stability and Linear Controller Design Based on LMIs
The design of the linear controller will be presented in this section. The values of m j , j p = 1 2 , ,..., , will be determined under the consideration of system stability. From (3), (6), and writing w t i ( ( )) x as w i , the closed-loop system is described by
From (8) 
, ,..., , are feedback gain matrices. It can be seen that the fuzzy controller is a function ofw t j ( ( )) x (grade of membership of the fuzzy plant model of (3)). This implies that w t j ( ( )) x must be a known value. Practically, w t j ( ( )) x is usually related to the parameters of the plant, and these parameters may change under different conditions. They are assumed to be unknown in [5] . Instead, a linear controller (6), which does not involve w t j ( ( )) x , is used to close the feedback loop (3). In a later section, we will show that the relaxed stability condition can still be achieved. Comparing (6) to (11), the structure of (6) is generally simpler than that of (11) . To investigate the system stability of the closed-loop system (10), we consider the following quadratic Lyapunov function:
Differentiating (12), we have
From (10) and (13) 
From ( 
From (16) 
Equalities hold when x 0 ( ) t = . Hence, we can conclude that the closed-loop system of (10) is asymptotically stable (i.e., 
We can formulate the design of the linear controller (6) and the stability condition of (18) into an LMI problem. In other words, we can formulate the finding of R and P into an LMI problem. Considering (15) It can be seen that (24) involves p p ( )/ + 1 2 LMIs, as some of them are the same. R and P can be solved readily by employing some LMI tools. The solutions of R and P will both be symmetric. The analysis results are summarized by the following lemma.
Lemma 1: The closed-loop control system (8) is guaranteed to be asymptotically stable if the parameters of the linear controller, R and P, are symmetric positive definite and satisfy the following LMIs: 
if PB RB P 0 PB RB
, , , .
must be symmetric. It should be noted that a stable switching controller can be obtained by using the switching scheme of (19) if the stability of (23) cannot be satisfied. Furthermore, by considering the same unknown nonlinear plant, p 2 stability conditions will be derived using Wang's approach [7] . By using the switching approach, the number of stability conditions is reduced to p p ( )/ + 1 2. The design procedure of the linear controller is summarized in the following steps:
• Step I: Obtain the fuzzy plant model of a nonlinear plant by means of, for example, fuzzy modeling methods [1]- [4] or other ways. • Step II: Find the gain G and obtain P and R by solving the LMIs in Lemma 1.
, ,K , according to Lemma 1. Obtain the control law according to (6) .
Application Example
An application example will be given in this section to show the design procedure of the linear controller. A cartpole-type inverted pendulum system [7] is shown in Fig. 2 . A linear controller will be designed for it by following the design procedure given in the previous section.
•
Step I: The dynamic equation of the cart-pole-type inverted pendulum system is given by
where θ is the angular displacement of the pendulum, g = 9 8
. m/s 2 is the acceleration due to gravity, m = 2 kg is the mass of the pendulum,
[ ] M ∈ 8 80 kg is the mass of the cart, 2 1 l = m is the length of the pendulum, and u is the force applied to the cart. The objective of this application example is to design a linear controller to close the feedback loop of (25) such thatθ = 0 at steady state. The inverted pendulum of (25) can be modeled by a fuzzy plant model having four rules. The ith rule can be written as follows:
Rule i: so that the system dynamics is described by
where The plant used in this article is the same as that used in [7] . As can be seen, the responses provided by our linear controller are similar to those provided by a fuzzy controller [7] . Moreover, our linear controller has a simpler structure than that of the fuzzy controller used in [7] .
Conclusion
We have presented a linear controller design for nonlinear plants with unknown parameters based on an LMI approach. The plant is represented by a TSK model. 
